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A study is made of asymptotic arithmetical properties of the isomorphism 
classes of certain types of finite graphs, and of certain polynomials over Galois 
fields. 
1. INTRODUCTION 
Let 9 denote a class of finite graphs satisfying some property such that 
a graph r E Y if and only if each connected component of r lies in Y. 
It was noted in [lo, Part I] that the set T of all isomorphism classes of 
graphs in 9 possesses the formal structure of an “arithmetical semigroup,” 
and hence has many of the purely algebraic number-theoretical properties 
of the multiplicative semigroup of all positive integers. A similar comment 
applies to classes of finite digraphs, if connectedness is taken to mean 
weak connectedness, but for simplicity the following discussion will refer 
only to graphs. 
The papers [lo] investigate a variety of natural mathematical systems 
which have arithmetical properties formally similar to those of the positive 
integers, with special emphasis on the contrasts and analogies that may 
arise relative to asymptoticproperties of the kind studied in analyticnumber 
theory. It turns out that either of two general kinds of asymptotic behavior 
occur in the majority of natural cases discussed in [lo], but that graphical 
systems T as above are usually amongst the exceptions. In fact, it appears 
to be characteristic of many species of finite graphs that “almost all” the 
graphs are connected; see, for example, [8, 11, 121, and also [9], which 
deals with finite automata. In the terminology of arithmetical semigroups 
(see Sections 2 and 5 below), this amounts to saying that for the semigroups 
in question “almost all” elements are “prime,” a phenomenon that can 
also occur in quite different contexts. For example, if G,,, denotes the 
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multiplicative semigroup of all manic polynomials in k > 1 indeterminates 
over a given finite Galois field GF(q), a theorem of Carlitz [5] implies 
that G,,, has exactly the same asymptotic property whenever k > 1. 
The above facts suggest the desirability of investigating asymptotic 
arithmetical properties of arbitrary abstract arithmetical semigroups 
subject to the axiom: “Almost every element is prime.” As may be 
expected, the “analytic number theory” of such semigroups is relatively 
simple. However, in view of its applicability to natural mathematical 
systems of the kinds mentioned above, and because certain intuitively 
expected conclusions seem to require proofs that are not entirely obvious, 
it may be interesting to outline such a theory. 
Before turning to the details, it may be worth noting that although the 
present discussion covers some fairly typical features of finite graphs 
and polynomials over GF(q) it does not cover all arithmetical aspects 
of such objects. For example, the semigroup G,,, is not covered by the 
present hypotheses, and a treatment of it and also of different asymptotic 
aspects of polynomials in several indeterminates over GF(q) may be found 
in the papers of Carlitz [l-3] and Cohen [6, 71. (These are only selected 
references.) Similarly, different phenomena can occur in the study of 
finite graphs, and one example is provided by the class of graphs associated 
naturally with pseudo-metrizable finite topological spaces; this class falls 
within the scope of the quite different asymptotic theory of [lo, Part II, 
Chap. II]. 
2. ARITHMETICAL SEMIGROUPS 
For present purposes it is particularly convenient to use the “additive” 
terminology of [lo, Part II], so that an (additive) arithmetical semigroup 
will be taken to be a free abelian semigroup G with identity which has a 
finite or countable free generating set P (whose elements are called the 
primes of G), and is such that there exists a degree mapping a: G + Z of 
G into the ring Z of integers, with the following properties: (i) a(1) = 0, 
a(p) > 0 for p E P; (ii) a(&) = a(a) + a(b); (iii) the total number G+(n) 
of elements a E G of degree n is finite for each n = 1, 2,.... 
In studying G, use will be made of the generating function 
Z,(x) = Cz==, G+‘(n) xn. Relative to the norm function ( a I = 2a(a) 
[a E G], which makes G into an ordinary arithmetical semigroup in the 
sense of [lo], ZG(2-9 = cc(z) where [G(z) is the zeta function 
&(z) = &q / a I-*. (Here and below, all infinite series and products 
are treated formally without regard to convergence.) 
The unique factorization of elements of G into powers of the primes 
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p E P leads to the Euler product formula, 
L(z) = n (1 - I P I-Y, 
PEP 
which in terms of the degree function 8 leads to the equation 
Z,(x) = fi (1 - xm)-@(,) 
Whl 
where P#(m) denotes the total number of primes p E P of degree m([lO]). 
For example, consider a class (9)of finite graphs as in Section 1, and 
let T denote the set of all isomorphism classes [r] of graphs r in Y. The 
operation of disjoint union U, on graphs indices a multiplication operation 
on T, given by [r,] * [r,] = [r, U, r,]. If one let 1 = [ ia ] and defines 
a([r]) = card I’, he sees easily that (T, a) forms an arithmetical semigroup 
in which the primes are the isomorphism classes of connected graphs in Y, 
and that the Euler product formula for Z,(X) is a familiar conclusion of 
graph theory [lo]. 
Although arithmetical semigroups occur in a wide variety of contexts 
[lo], a further example of special relevance at present is the semigroup 
Gr,n mentioned in Section 1; here the primes are the irreducible poly- 
nomials and the degree of a polynomial is its total degree. (For the Euler 
product formula and variations in this context, see [l-7]). 
3. SPECIAL ARITHMETICAL FUNCTIONS 
It is obvious that ordinary concepts of divisibility for positive integers 
carry over directly to any arithmetical semigroup (G, a), and so it is 
possible to consider the analog for G of various questions of classical 
number theory. Although many such questions and their formulations 
in terms of special functions defined on G are suggested initially by classical 
arithmetic, they also have obvious intrinsic interpretations for concrete 
semigroups like T and Gk,, above, in terms of graphs and their decompo- 
sitions into connected or other components, or polynomials and their 
factorizations, respectively. Consequently, the answers to such questions 
imply statements about graphs and polynomials (or other concrete 
realizations) which often seem to have some intrinsic interest for those 
cases regardless of any abstract number-theoretical formulations. 
Such concrete corollaries for such specific objects as graphs or poly- 
nomials, for example, form the main objective of the following discussion. 
However, for the sake of brevity and because specific applications may 
easily be read off from the abstract propositions below, the rest of this 
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paper deals with arbitrary arithmetical semigroups subject to suitable 
hypotheses. 
Firstly, given any arithmetical semigroup (G, a), consider the following 
special arithmetical functions on G: 
(i) the prime-divisor functions w, 52, and /I such that o(l) = 
Q(1) = 0, /I(l) = 1, and 
w(a) = r, Q(a) = e, + *.* + e, and /3(a) = e1e2 .a- e, 
if a = p>p$ **- p$ for distinct pt E P, and e, > 1; 
(ii) the diuisor function d such that d(a) is the total number of 
divisors of a E G; 
(iii) the unitary-divisor function d* such that d,(a) is the total 
number of “unitary” divisors of a (i.e., divisors d such that the g.c.d. 
(4 44 = 1); 
(iv) The Miibius function p such that p(a) = (-l)“fa) if a is 
“square-free” (i.e., has no repeated prime factors), and p(a) = 0 otherwise; 
(v) the Liouuille function h(a) = (-I)“(a) on G; 
(vi) the Euler-type functions I# and I$* such that $(a) is the total 
number of elements b E G with a(b) < a(a) and (b, a) = 1, and +,(a) 
is the total number of elements b with a(b) = a(a) and (b, a) = 1; 
(vii) the divisor-sum function u*(a) = &a a(d). 
As illustrations of the natural interpretations of this selected list of 
special functions in terms of finite graphs, one may note that Q([r]) is 
the total number of connected components of the graph r while w([r]) 
is the total number of nonisomorphic components of r. 
If f is any complex-valued function on G, we define the associated 
formal power series off to be 
f”(x) = C f(a) xaCa) = 
LZG 
j?03W x” 
where f(n) = &a)znf(a). For example, z,(x) = c”(x) where {(a) = 1 
for all a E G. By considering the previously mentioned relation between 
Z,(x) and the zeta function &&), and [IO, Part II, Theorem 1.3.11, the 
following proposition is a corollary. 
PROPOSITION 3.1. 
(0 d#(x) = Zo2(x); 
(ii) (d2)#(x) = ZG”(X)/Z,(X’) where (d2)(a) = [d(a)12; 
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(iii) d,“(x) = ZG2(x)/ZG(x2); 
(iv) 8%) = z,(x) zG(x') zG(x?/z~(x6); 
(v) p”“(x) = l/zG(x); 
(vi> x”(x) = zG(x2>/zG(x) ; 
(Vii) b"(X) = (~~=‘=, G#(n) NG#(n) P)/z~(x) where NG#( JJ) = 
Zm<u G%+. 
In addition to these formulas, we note 
PROPOSITION 3.2. 
(0 6*“(x) = 0% GW2 x">/~G(x>; 
(ii) a,+(x) = Z,(x)E,“,o nG#(4 ~“1. 
Proof. The above formula for p+(x) shows that Cdla p(d) = 0 for 
a # 1 in G. Therefore, 
4*@> = c 1 = c c A4 
a(b)=h).(b.a)=l W)=i%a) dj(b.a) 
It follows that 
4*“(x) = 1 C p(d) xeid)/ 11 G#(a(c)) *a@)/ 
dsG CEG 
I” 
= LL#(X) & G#W2 x” . 
/ 
Similarly, the definition of u* yields 
a(c) x’(‘)/ = Z,(X) /io~G#(n) ~“j. 
(Regarding various formulas for polynomials over GF(q), of the kinds 
considered in this section, see also [l-7] for example.) 
4. AUXILIARY RESULTS 
In order to deal with asymptotic questions about the semigroup G 
when “almost every” element is prime, it seems necessary to use some tools 
corresponding to the Tauberian and Abelian theorems employed in 
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[lo, Part II, Chap. II]. Such tools, which are more elementary than those 
needed in [lo], are conveniently provided by the following results of 
Wright [l 1, Part 1111 regarding formal power series. 
Let T, , t, denote arbitrary real numbers with t, > 0 (n = 1,2,...), 
such that formally 
1 + f T,x” = fi (1 - F&)-~~. 
VI=1 rn=l 
LEMMA 4.1 [I 1, Part III]. Suppose that T, = 0 for infinitely many n. 
Then t, = 0 except perhaps when n is a multiple of some k > 1. 
LEMMA 4.2 [l 1, Part III]. Suppose that t, > 0 whenever n is sz.@iciently 
large. Then T, - t, as n -+ co if and only if 2::: H,H,-, = o(H,) as 
n -+ co, where (HI , Hz ,...) is either (TI , T, ,...) or (tI , t, ,... ). In this 
situation, the above series and product both diverge for all x # 0. 
It is worth noting that the wording used in [l 1, 121 often makes it 
difficult to decide whether or not the author intends T, and t, necessarily 
to be interpreted in terms of the enumeration ofjnite graphs alone, even 
though isolated comments indicate that this is not necessarily required 
at certain particular points. However, the proofs that are given for the 
above results (and certain others) do not appear to depend on any such 
interpretations, and so will not be repeated here. 
5. ASYMPTOTIC PROPERTIES 
Now consider any arithmetical semigroup (G, a). If G+(n) =’ 0 for 
infinitely many n, then Lemma 4.1 implies that the Euler product formula 
will have the form 
Z,(x) = f G#(rk) xrk = $I (1 - xmk)-pd(mk) 
r=ll 
where k > 1. If G”(n) # 0 for at least one n > 1 and k has its largest 
possible value, then G#(rk) cannot be zero for infinitely many r. Hence, 
if 8 is replaced by the degree function 8(a) = (I/k) a(a) [a c G], this gives 
rise to an arithmetical semigroup (G, a’) such that now G+(n) > 0 for 
all sufficiently large n. Therefore, there is no loss of generality in assuming 
this true for (G, a) in the first place. 
The previously discussed hypothesis that “almost every” element of G 
be prime may now be stated as 
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AXIOM gl. P+(n) - G#(n) as n -+ co, where G#(n) > 0 for all 
suficiently large n. 
As mentioned earlier, this axiom is valid for various “graphical” 
semigroups T as well as for the semigroup G,,, when k > 1; see [S, 8, 9, 
11, 121. The axiom has some immediate and arithmetically peculiar 
consequences. 
For example, it implies trivially that such subsets as the set G, of all 
square-free elements, or more generally the set G, of all r-free elements 
(r > l), have asymptotic density 1 in G. Also, the axiom implies that 
the Mobius function p has asymptotic mean-value -1 on G, since 
if& a(;zn cL(a) = & B(p):*peP ldp) + c pc(a) a(d=n.adP 
P”(n) + O(G#(n) - P+(n)) z.r.z -- 
@Yn) G%) 
= -1 + o(1) 
as IZ --+ co. Similarly, the Liouville function h has the asymptotic mean- 
value -1 on G. 
For functions like d, d, , and /3 which are not bounded on G, it seems 
less easy to prove that their asymptotic average values are determined 
by their values on primes even though this is heuristically plausible. In 
order to establish such results in various cases, it appears necessary to 
employ Lemma 4.2 and sometimes also to impose the additional 
AXIOM g2. P#(n - 1) = o(P#(n)) as n ---f 03. 
For the validity of this axiom in the case of Gk,g (k > 1) and various 
“graphical” semigroups T, see [5, Part I, Formula (ll)] and [8, 9, 111. 
Now consider 
PROPOSITION 5.1. Suppose that (G, 8) satisfies Axiom C!Yl . Then the 
divisor function d has asymptotic mean-value 2 on G, i.e., 
lim n+m & a($zn d(a) = 2* 
If (G, 8) also satisfies Axiom CC?2 , then d has asymptotic variance 0, i.e., 
$z & c [d(a) - 212 = 0. 
aw=n 
212 J. KNOPFMACHER 
ProoJ By Proposition 3.1 and the Euler product formula for Z,(x), 
&Q-) = fi (1 - Xy-). 
n=1 
Also, Axiom 9, and Lemma 4.2 imply that C:Li P+(s) P#(n - s) = 
o(P#(n)) as n -+ co. Therefore, a second application of Lemma 4.2, with 
H8 = 2P#(s), yields a(n) - 2P#(n) - 2GX(n) as n -+ co, where a(n) = 
‘&jzn d(a). Thus, d has asymptotic mean-value 2 on G. 
Next, Proposition 3.1 (ii) gives 
(q+(X) = fi (1 - xyp+q fi (1 _ X2m)-P%n) 
V&=1 m=l 
= fJ (1 - xm)+ 
where k, = 4P#(m) if m is odd, and k, = 4P#(m) - P#($m) if m is even. 
Now, if (G, a) satisfies Axiom g2 then P#(m) is an increasing function of 
m when m is sufficiently large, and therefore k, - 4P#(m) as m -+ co 
in this case. By Axiom gI and Lemma 4.2, it then follows that 
C:s,’ W&-s = o(k,J as n + co, and so a further application of Lemma 4.2 
yields d(n) - k, - 4P#(n) - 4G#(n) as n -+ cqwhere d(n) = &a)=n do. 
This proves that d has the asymptotic “second moment” 4, and so it has 
asymptotic variance 0. 
PROPOSITION 5.2. Suppose that (G, a) satisfies both the axioms %?I 
and g2 . Then the unitary-divisor function d, has asymptotic mean-value 
2 on G, and the prime-divisor function p has asymptotic mean-value 1 on G. 
Proof. By Proposition 3.1 (iii), the case of d, is directly analogous to 
that of the function d2 considered above, and therefore the proof may be 
omitted. For /3, Proposition 3.1 (iv) gives /3+(x) = nzE1 (1 - em)-+ 
where 
L, = P+(m) ifm=6r+1,6r+5, 
= P”(m) + P#($m) if m = 6r + 2,6r + 4, 
= P*(m) + P+(+m) if m = 6r f 3, 
= P+(m) + P#(+m) + P#(&m) - P#(&m) if m = 6r. 
Therefore, L, = P+(m) + O(P+(m - 1)) as m -+ co, and so by substi- 
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tuting the right-hand expression and expanding the resulting product 
terms one obtains 
n-1 n-1 n-2 
c JLL-s = c pspn-, + 1 P(P,P,-r-1) + O(P,Pn-,-,)I 
S=l s=l 7=0 
n-1 
+ 1 w*pn-s-1) 
a=1 
= o(PI1) + o(P,-1) + o(P,-2) + @Pa-1) = o(P?J = dL) 
as n -+ co, where P, = P”(s) and PO = 0. Then Lemma 4.2 yields the 
required result about /3. 
For the rest of this section, we continue to a.r.sume both the axioms 
gI and 9, . 
PROPOSITION 5.3. The average value of the Euler-type function &(a) 
for a(a) = n is approximately G”(n), i.e., 
&) atzn 4*(a) - G”(n) as n+co. 
Proof. By Proposition 3.2,&+-(x) = @(x){C~=, Gx(n)2 x~}. Therefore, 
if G, = G+(n) and f(n) = &a)=n f(a) as before, 
n-1 
h(n) = Gm2 + zl P(s) G%, + F(n) 
n-1 
= Gn2 + 0 K-1 1 G&,-s + O(G,) 
s-1 
= Gw2 + O(G,-, o(G,J) + Wn), 
by Axioms ‘ZYI and g2 and Lemma 4.2. Since the axioms imply that 
G,-, = o(G,,) as n + co, it follows as required that c&&r) - Gn2 as 
n+ co. 
COROLLARY 5.4. “Almost all” pairs of elements of G are coprime. 
Proof. Let X(n) denote the set of all ordered pairs of elements of 
degree n in G, and let C(n) denote the subset of all coprime pairs in X(n). 
Then card X(n) = Gn2 and card C(n) = &+n +*(a) = B*(n). Hence, 
card C(n)/card X(n) + 1 as n ---f 00, and the corollary follows. 
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PROPOSITION 5.5. The average value of the divisor-sum function 
0*(a) for a(a) = n is approximately n, i.e., 
l/G%> C o&4 - n as n+co. 
ah+72 
Proof. By Proposition 3.2, 
n-1 n-1 
c?*(n) = nG, + c (n - s) G,G,-, = nG, + 0 n c G,G,-, 
s=1 .3=1 
= nG, + o(nG,) - nG, as n-+co. 
6. FINAL COMMENTS 
Just as Axiom 9, often seems too weak to yield various heuristically 
expected conclusions without further assumptions, it is conceivable that 
further investigations along present lines may require even stronger 
hypotheses, such as 
AXIOM 9s . G+(n) = P”(n) + O(P#(n - 1)) as n --f co, where 
P”(n) > 0 for all su$?ciently large n and P#(n - 1) = o(P#(n)) as n -+ 00. 
(It is easy to see that this axiom is equivalent to the assumption that 
P*(n) = G++(n) + O(G#(n - 1)) as n -+ 03, where G#(n) > 0 for all 
sufficiently large II and G#(n - 1) = o(G#(n)) as n ---f 00.) 
With this remark in mind, it is interesting to note that the semigroup 
Gk,,(k > 1) and also various “graphical” semigroups T as discussed 
earlier do in fact satisfy Axiom 9, ; see [5, Part I, Formulas (10) and (1 l)] 
and also [8, 121. Just as certain results of [II] turned out to be useful in 
the above discussion, some corresponding results of [12] are likely to be 
similarly suitable for investigations subject to stronger hypotheses like YS . 
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